Abstract. This paper presents a generic approach to analyze the singularity of robots with an articulated nacelle like the H4 robot. Using screw theory, the concept of equivalent twist graph is introduced in order to characterize the constraint wrenches and the actuation wrenches applied to the moving platform. Using Grassmann-Cayley Algebra, the geometric conditions associated with the dependency of six Plücker vectors of finite and infinite lines in the projective space P 3 are reformulated in the superbracket decomposition in order to characterize geometrically the parallel singularities of the robot.
Introduction
Parallel singularities are critical configurations in which a parallel manipulator loses its stiffness and gains one or more degrees of freedom (DOF). They can be found using either numerical, analytical or geometrical methods. For Gough Stewart parallel manipulators, the rows of the inverse Jacobian matrix are Plücker coordinate vectors of six finite lines that are six actuation forces applied by the actuators to the moving platform. The parallel singularities of such manipulators that Merlet [1] analyzed using Grassmann line geometry occur when those lines become linearly dependent. Ben-Horin and Shoham analyzed the parallel singularities of 6-DOF parallel manipulators using Grassmann-Cayley Algebra (GCA) [2, 3] . Contrary to 6-DOF parallel manipulators, the legs of a lower-mobility parallel manipulator have a connectivity smaller than six and, in turn, each leg constrains partly the motion of the moving platform. When the legs lose their ability to constrain the moving platform, a socalled constraint singularity occurs [4] . Kanaan et al. [5] enlarged the application of GCA to lower-mobility manipulators, in which the rows of the 6 × 6 inverse Jacobian are not necessarily finite lines (zero pitch wrenches) but can be also infinite lines (infinite pitch wrenches). These wrenches, also known as governing lines, are actuation and constraint wrenches applied to the moving platform. Choi et al. [6] analyzed the singularities of the H4 robot using screw theory, while Wu et al. [7] analyzed them using line geometry.
S. Amine et al.
In this paper, we present a methodology for the singularity analysis of robots with an articulated nacelle. This methodology is general and applied to the H4 robot. To deal with robots with complex architectures like the H4 robot, we introduce the concept of twist graph. Each leg of this robot contains a closed loop (the 4S parallel linkage) and can be replaced by a virtual serial chain having the same twist system as the leg in the equivalent twist graph of the robot. The twist graph of the H4 robot is obtained in order to characterize the constraint and actuation wrenches applied to its end effector. Then, the parallel singularity conditions of the robot are derived using its wrench diagram in the projective space P 3 and the superbracket decomposition. Finally, some singularity configurations are illustrated geometrically.
2 Grassmann-Cayley Algebra in the Projective Space P 3
The Grassmann-Cayley Algebra (GCA), also known as exterior algebra, was developed by Grassmann as a calculus for linear varieties operating on extensors with the operators join and meet associated with the union and intersection of vector spaces of extensors. The bracket is a determinant that satisfies special product relations called sygzygies. In the projective space P 3 , extensors could represent entities such as points, lines or planes. Points are represented with their homogeneous coordinates while lines and planes are represented with their Plücker coordinates. The notion of extensor makes it possible to work at the symbolic level, and therefore, to produce coordinate-free algebraic expressions for the geometric singularity conditions of spatial parallel manipulators. For further details on GCA the reader is referred to [2, 8] .
Theory of Reciprocal Screws
Screw theory is suitable for the type synthesis and the study of the instantaneous motion of parallel manipulators. The principle of reciprocal screws was studied in [9] [10] [11] and then developed in [12] [13] [14] [15] . The method deals with the reciprocity condition between two screw systems to characterize for each leg-chain, the constraint wrench system reciprocal to its twist system as well as the actuation wrench system obtained by locking actuators. In a non-singular configuration, constraint wrenches and actuation wrenches form a 6-system.
A twist is a screw representing the instantaneous motion of a rigid body, a wrench is a screw representing a system of forces and moments acting on a rigid body. Let ε denotes a twist and τ denotes a wrench. An infinite pitch twist ε ∞ represents a pure translation of a prismatic joint P and a zero pitch twist ε 0 represents a pure rotation of a revolute joint R. A pure force constrains the translation along its line direction and is represented by a zero pitch wrench τ 0 . A pure moment constrains the rotation about its direction and is represented by an infinite pitch wrench τ ∞ . A zero pitch screw represents the Plücker coordinate vector of a finite line in P 3 . An infinite pitch screw represents the Plücker coordinate vector of an infinite line in P 3 .
